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Figure 1: A typical diagram of a Quantum Well (for the conduction band). The black lines show the
potential well due to the changes in conduction band energy between the different materials. The red
lines show the allowed energy levels for an electron within the well. The blue lines show the (envelope)
wavefunctions of the electrons for each energy level (and the green line shows the Fermi level which
indicates how many electrons have been put into the quantum well). Plotting the wavefunctions at each
energy level is just a convenient convention for understanding the system.

1 Introduction

In the study of quantum mechanics, the finite potential well is one of the first problems to be studied
as it demonstrates the new behaviours that arise due to the electron wavefunction[1]. However, it is
also possible to construct similar potential wells in real semiconductor structures. We find in both cases
that an electron’s energy can only take certain values that we call energy levels. A quantum well is one
such semiconductor nanostructure[2, 3, 4, 5]; it is a nanometre thick layer of semiconductor sandwiched
between layers of a different but compatible semiconductor. If the semiconductors are chosen correctly
then we have created a structure that can trap electrons within this thin layer.

This article will give a very basic introduction to quantum well energy levels and their intersubband
transitions. It should be accompanied by a small script written in python called pyQW which can cal-
culate the electron states, Fermi levels and transitions for finite potential wells (in the absence of more
advanced effects such as non-parabolicity or Poisson effects), moreover this case can even be solved
analytically whereas anything more advanced must rely on numerical methods.

2 Designing Semiconductor Quantum Wells

In order to create a quantum well, we need to use semiconductors that have compatible lattice constants|2,
4, 3]. Otherwise, we would not be able to create a clean interface between the different layers as stresses
would form between the incompatible layers which would damage the interface. For the material family
GaAs /Al Gaj.4As, the lattice constant is almost independent of the aluminium percentage which is one
reason that these materials have been exploited so much for creating semiconductor structures. In fact,
when using other materials, there are often small stresses present in quantum well structures and this
affects their properties and bandstructure but I will ignore this complication here.

We also need to know the size of the potential steps that form between the different bands of the
layers; surprisingly, this is difficult to model and so we usually have to rely on values that have been



reported in the literature.

3 Wavefunction calculations

As we would expect, an electron moving within a semiconductor crystal is affected by the lattice of atoms
that surround it. We find the electron’s mass and energy vary for different velocities (and directions)
within the crystal and we describe these relationships as the bandstructure of the material. To understand
bandstructure, we would need to learn about Bloch states, crystal types, Brillouin zones and Fermi levels
but instead I'm going to take the useful approximation that electrons at the bottom of the semiconductor
conduction band behave like free electrons except that they have a different effective mass[6, 7]. This is
a good approximation for the material GaAs which will be the focus of my calculations.

To model a quantum well, it is assumed that the well layer and the barrier layers have the same
bandstructure as they would if they were bulk samples and at the interfaces, there are abrupt steps in the
conduction and valence band potentials[8, 3]. For directions within the plane of the layers, the electronic
bandstructure is similar to that of a bulk material. The electron wavefunctions will have complexities
due to the crystal lattice that they are moving within but we can actually ignore that component (as a
first approximation) and concern ourselves only with the wavefuction at the scale of the structure, this
is called the envelope wavefunction. So the envelope function (f;(z)) is the j solution to Schrodinger’s
equation using the 1D potential V(z); where V(z) is the average potential of each material’s conduction
band edge. The equation to solve is given by

- (G Pe) + V)] 562) = (& - i) <1>

where p, is the z component of the momentum operator (= —ih%) and m*(z) is the effective mass of the
charge carrier in each material. E; is the energy of the QW subband and ¢ is the energy that the charge
carrier would have for a bulk sample of the quantum well material i.e. GaAs at k = 0. At the interfaces
between the materials the wavefunctions must satisfy

fa = fB (2)
1 dfa 1 dfp

where the subscripts A and B denote different layers of the well.

3.1 Solutions for a symmetric finite well

For the very simple potential shown in fig.1, we can find analytical solutions. In other cases, solutions
need to be found numerically.
Consider a well of width 4 and depth V that is centred about the origin of the z axis.
Inside the well
fow = Asin (kz) + Bcos (kz) 4)

where k = /2m E /1. In the barriers

fins = Ge** (5)
frhs He ™ (6)

where « = |/2m} (V — E) /.
There are odd and even solutions.

e Even solutions- A =0, G = H and tan (%) = amy,/kmj

e Odd solutions- B =0, G = —H and tan

VS

kd\ _ * *
7) = —kmj, /amg,
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Figure 2: Graphical solution for finding a finite potential well’s energy levels. Solutions exist where the
blue and green curves meet.

The k values need to be found numerically which is trivially done in modern computing environments
such as python or matlab. We can also find the solutions graphically by plotting both sides of the equa-
tion and seeing the points where they meet.

There is also a neat trick that allows us to have one equation that gives both the odd and even solu-
tions. Using

tan (9) = ﬂ

1 — tan? (%)
we can easily show that
kmy :
( b “"Z”) tan (kL) = 2 7)
amy,  kmy

in both cases!

In order to find the wavefunctions, we need to connect the amplitudes of the different parts and
then normalise the wavefunction over all space (just so that the total probability of the electron existing
somewhere is 100%!). I find that

e Even
-1/2
kd
A = g_’_ sin(kd) N cos? (7) @®)
- \2 2k w
H = Acos <k2d> exp (zx2d> )
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Figure 3: Shows how electrons fill up the levels of a quantum well. The quantum well states are quantised
in the growth direction by its potential barriers but in the plane of the well they are subbands with
parabolic dispersions with respect the crystal momentum (k||). The lower subband is occupied up to the
Fermi level Er. The two sub-bands only have the same dispersions curves to first approximation, the
figure illustrates that they are different.
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H = Asin (2> exp <2> (11)

4 Fermi level

If we put a number of electrons into our structure, they will fill up the available states of the quantum
in order of increasing energy. The density of states for each level in a quantum well comes from it’s 2d
motion within the layer. We find that the 2d density of states is

m*

Th?

which is (interestingly) independent of energy. We can now find the Fermi level for the well and a known
doping density using

824 = (12)

N = /g(E)f(E, Ep)dE (13)
0
where N is the number of electrons, Ef is the Fermi level and the Fermi-Dirac distribution is
E—Ep\\ !
F(E,Ep) = (1+exp £ (14)
kgT
At 0K, the Fermi-Dirac distribution looks like a step function and we can derive
N T E;
Ep— N/8ut LI Ei gZd: Li b (15)

where E; are the energy levels of the quantum well and 7 is the number of the levels occupied. The
population of each level is
N; = g24- (EF — Ei) (16)



At higher temperatures, we have to integrate the Fermi-Dirac distribution, which yields

n Er — E
N = g4kpT} In <exp < FkBT ) + 1) 17)

which we solve numerically to find the Fermi energy. We can find the population density of each level
then using

N; = go4kpTIn <exp (El;(BTE") + 1) (18)

5 AlGaAs/GaAs material constants

Finding material values that you trust for your modelling is actually harder than might be expected. I've
found that every research group will generally have numbers that they prefer to use for their modelling
based on literature, experience and their particular modelling programs.

Here are some numbers to start with from the literature and taken from [9, 10]

Effective mass
e GaAs 0.067m,
o Al,GajAs 0.063+0.083x m, (x<0.45)

Does effective mass change with temperature?
From Vurgaftman[10]

e GaAs  0.067m.@4K, 0.0635m.@300K
o ALLGaj,As  0.067+0.0838x me (x<0.45) @4 K (?)

conduction band offset
AlyGaj_As- GaAs
e x<0.41 AEc = 0.79x (eV)
e x>0.41 AEc = 0.475 — 0.335x + 0.143x% (eV)

What is temperature dependence of the offset?
from Vurgaftman[10]

e x<0.41 AEc = 0.83x (eV)

6 More Advanced Modelling

The theory given in the previous sections can only approximately predict the energy levels of a real
gauntum well. For instance, in most semi-conductor materials, we can not assume that conduction
electrons behave exactly like free electrons which just have a different effective mass. Normally the
energy/momentum dependence is more complicated; this can be handled very approximately by adding
a non-parabolicity term to the equations, or by using one of various k.p models to describe the electronic
bandstructure of the quantum well more accurately. This leads to more accurate predictions for the
energy levels, particularly the higher energy states. Also, to model the valence band levels this type of
modelling is essential[3, 4].

In addition, the presence of electrons and donor atoms in a real structure create additional fields
which affect the effective potential that an electron will observe. The next section outlines the calculation
necessary to account for the coulombic potentials. Those are the most important but there is also an



exchange-correlation interaction between the electrons which can be described by an effective field[11,
12].

There are also strain effects due to the interplay between the different layers of materials that make
of the QWs. When the system is grown, the atoms are persuaded to fit into the lattice spacings defined
by the substrate even if this is smaller or larger than normal for the new layer’s material and this strain
affects the bandstructure of the layer[4, 3].

Finally, it is normally assumed that the interfaces are perfectly sharp between the different layers but
in some material systems, the boundary can blur out which changes the predicted states[4].

These are just a few of the effects that can complicate or enrich real QW devices. Also real devices,
might need to worry about current flow which is a different problem again.

6.1 Poisson Effects

When we have many charges in a structure, their potentials will affect the effective potential seen by
each charge and so alter the resultant states. If we are to find a solution that makes sense, this process of
self-interaction requires that a system is self-consistently solved for the states and potential and typically
this requires that we iterate our calculations towards a stable solution. This effect is alternately known
as a Poisson, a Hartree or a Coulomb effect/field /correction[4].

The effective potential seen by an electron is given by the bandstructure, the electric potential of the
donor atoms and the electric potential due to the free electrons.

Veff(z> = VBs — e@ponors — €Peiec (19)

The electric potential is given by the solution to Poisson’s equation

o z z/
D@ ponors + Petec = — / / (I’Z(ZH) — Np (Z//)) dz" dz’' (20)
€0€ J—00 J —0
but this can be rewritten as a single integral (clue: find the integration of the Heaviside step function)
—e Z
cI>D0nors + (Delec = S(TS/ (Z - Zl) (n(zl) - ND (Z/)) dZ/ (21)

where the distribution of electrons is given by
2
n(z') =} ni[Gi(2))| (22)
i

where 7; is normally given by the Fermi-Dirac distribution

m kT EF — Ei
n; = 72?12 In (1 + exp ( T )) (23)
where Er is the Fermi Energy and m is the effective mass of the subband.
Note that Vg = —ePponors — €Peec is normally called the Hartree potential because this way of

reducing the multielectron system down to a single electron model plus an effective potential is known
as the Hartree approach. It’s also an example of mean field theory.
In the case of a periodic structure, the limits change and there is an additional term

622

62 z L
VDonors + Velec = 8078/0 (Z - Z/) (n(zl) - ND(Z/)) dz' + %Z/O 7 (n(zl) - ND(Z,)) dz' (24)
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Figure 4: Illustration of a quantum well structure and some of the different optical transitions possible.

7 Optical Transitions

7.1 Introduction

Quantum wells are important semiconductor devices that are used in many ways. They have strong
optical transitions and moreover, transitions that we are able to tune in energy (by changing the well
thickness as well as other parameters); hence quantum well structures are found in many leds, detectors
and lasers (such as those in our dvd players or driving optical signals across the internet backbone).
However, those devices rely on optical transitions between the conduction and the valence band, these
are called interband transitions (see fig.4). There are also optical transitions between the different electron
levels within the quantum well, these are the intersubband transitions. These transitions have a smaller
energy gap and so they interact with light in the mid- to far- infrared part of the spectrum and they
are used increasingly for detectors and lasers in this region of the spectrum after years of research (see
QWIPs and QCLs).

Here I will just give some formulae for calculating intersubband absorptions (ISBTs); anyone inter-
ested in a more detailed approach can read the following sections (or go to [3, 11, 13, 8, 5]). Firstly, ISBTs
only interact with the electric field component perpendicular to the plane of the QW. It can be shown
that the absorption of such a layer is given by

- 2
RSN [sb] 1o S0, (25)
€,,| ¢ cosf

where 3 [] selects the imaginary component of its contents, ¢, is the background dielectric constant, €,
is the dielectric constant of the ISBT, n is the background refractive index, w is (natural) frequency, c is
speed of light, € is the angle of incidence of the light passing through the QW (wrt it’s normal) and L is
the thickness of the layer. For a QW, we can calculate that the effective dielectric constant averaged over
the thickness of a single quantum well period (Lsowp) is given by

eff 2
L1}, b “pif (26)
€27 €p LSQWP (IJZZ] + wl%ij —w?— 2i7i]«w

where wj; is the transition frequency, w, is the transition’s plasma frequency, fj; is the transition’s oscil-

lator strength, +y;; is the transition’s broadening and Lf]f I is the effective thickness of the transition!. To

IThe accompanying program pyQW calculates most of these values (except for broadening which is left as arbitary).



calculate these terms, we use

2m* wijp?;
fi = —a 27)
n'.e?
2 Y
wh, = —4 (28)
P m*sreoLf]ff
h
eff = % 2
Y ZSi]-m*wij ( 9)

where 1;; is the dipole matrix element of the transition and nfj is the 2-dimensional population difference

density. More details can be found in the proceeding sections.
The imaginary part of a Lorentz oscillator is approximately a Lorentzian, so our final absorption (for
a single transition) is given by

.2 g
;) hw sin“0 ¢ eff 5 ) 3 Vij
o 2w/ cos B <Lij “py fi / 2 (0
(wij—w> —l—’yi]-

where a)l’Jz = w%ijﬁj + wizj — 712]
The effect of multiple transitions can be approximated by summing the inverses of dielectrics of the
different oscillators together (although the most accurate approach recalculates the plasma frequencies

taking into account couplings between the different transitions which won’t be covered here) ie.

eff 2 r
1_1) v b Wpyfi 1)
€2z €p ij LSQWP (‘:712] + (U%i], —w? — 21’)/1](4]

7.2 Basic Derivation

We know from quantum theories of interactions that in order to calculate the strength of an optical
transitions, we need to calculate its matrix element[1, 5].

(O |H|@y) = // & AH®P, dr (32)
The strongest type of optical transitions arise from the electric dipole interaction where
AH =¢E.# (33)

e is the electron charge, E is the electric field and # is the position operator. This gives us the dipole matrix
element

Pmn = | (P [eR] )|

For the particular case of quantum well intersubband transitions, the dipole matrix element can be sim-

plified to
ni2 = e(fa2(z) |z] f1(z)) (34)

where we have assigned the cross-section of the QW to be along the z-axis (which we also call the growth
direction due to the way that these structures are made). In this equation, ¢ is the electron charge, f;(z)
are the envelope wavefunctions of the quantum well states (eg. as shown in fig.1 and fig.4) and z is the
position operator along the z-axis. There is also an implicit assumption that we are coupling electron
states with the same crystal momentum within the plane of the QW (see fig.3).

Although eqn.34 is conveniently simple, some effects require the derivation to be repeated using
more accurate wavefunctions; these wavefunctions can be found using the k - p method. for example,
this equation work well for conduction band ISBTs but less so, in the case of valence band ISBTs.



Importantly eqn.34 finds that transitions only occur if the electric field is polarized along the QW’s
growth direction (along z). Therefore ISBTs are an anisotropic phenomena; this has important implica-
tions for their experimental observation since light crossing the QWs at normal incidence won't interact
with the ISBTs.

If we want to know the rate of excitation of carriers then we can use Fermi’s golden rule to find the
rate for normal conditions (i.e. systems where the light intensity is not too high or the system is not
strongly coupled). The derivation of Fermi’s golden rule is summarised in appendix C. If we had an
absorbing volume, we would use

ol

0z
where Ry is the rate of excitation given by Fermi’s golden rule, 111, is the population difference density
between the levels and I is the optical intensity (irradiance) given by

= —npRpphwiy = —agpl (35)

1="0E (36)
2
But our transition is confined to an almost 2-dimensional layer and so we define
Al
T = (37)
where now the absorption is per unit area. We find that the optical absorption (per quantum well) is
12 n2
1 Mphp T2 sin 0
= L —_
12 ncegh (w2 = w) cos 6 (38)

where n}, is the population difference density per unit area between the levels, wy, is the (natural)
frequency difference, n is the refractive index, L() is the normalised profile of the absorption and the rest
are fundamental coefficients. The sin? f term arises from the angle between the electric field vector and
the anisotropic intersubband transition. The cos # term accounts for the difference between an unit area
of the incident light and an unit area of the quantum well.

It is usual to define two new variables, the oscillator strength fy; and the plasma frequency wy. The
oscillator strength is a unitless parameter that is commonly used in spectroscopic studies while the
plasma frequency comes from the Drude model of the dielectric properties of a plasma and has units
of natural frequency?. Definitions may vary slightly but they are defined here as

Zm*wuyﬁ
= ———= 39
for he? (39)
2
2 nie
= 40
wp m*e, e ( )

For the plasma frequency we need to define a 3-dimensional charge density to use this definition and so
we say that
M1
nip = W (41)
12
where L?;f is the effective thickness of the transition (as yet undefined). The intersubband absorption
can now be written as
nw% fort
2c cosf
This might seem like a step backwards from eqn.38, we’ve introduced a new parameter to no advantage.
However, when we want to model a real structure, it becomes useful to assign the transition a thickness
and a dielectric constant so that we can model how the overall structure behaves. I will show how to
do this in a later section and we will also see that this derivation has also missed an effect known as the
depolarisation shift which is due to interactions between the electrons occupying the QW states.

sin 20
L (wi —w) LY/

2Natural frequency is 277 times real frequency. Forgetting which one you are using can get you into trouble!
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7.3 Dipole Matrix Elements for the Finite Potential Well

First, we note that each state in the potential well has a parity property, each state is either even or odd
in parity. Transitions can only occur between states of different parity. For a transition from odd parity

to even parity, we have
(51‘]' =1

for even to odd parity, we have
(5,']‘ =-1

For our finite potential well system, we can calculate the dipole matrix elements analytically:

zijj = A;A;(well + barrier) (43)
_ (sin(kiwra)  acos (ktora) _(sin (Aka)  acos (Aka)
well = ( e o + 0jj AKZ Ak (44)

)) (ﬂ + Ktot)

barrier = (sin (kisa) + 6y sin (Aka p
tot

(45)

where kot = k;j — k]-, ANk = k; — k]-, Ktot = Ki +Kj, @ = d/2 where d is the width of the well. The
wavevectors in the layer and barrier can be calculated for the wavefunctions

ki = Zm;j,El/h (46)
K; = ZmZ (V — Ei) /Fl (47)
my, is the effective mass of the well layer, m;; is the effective mass of barrier layer, E; is the energy of the

level (Joules) and V is the potential barrier (Joules).
Finally, the coefficients are calculated. For even parity, we use

NI—=

sin (k;d) ~ cos? (kia)\
- 4
A= (o T o= )
For odd parity, we use
_1
o sin (k;d)  sin? (kja) \ °
Aj = (ﬂ BT (49)

7.4 Collective Effects - Classical

It is often useful to calculate an effective dielectric constant for the transitions when we do more ad-
vanced modelling. A useful model is that of the Lorentz oscillator

2
Er(CU) =& <1 + zaJPf> (50)

w§ — w? = 2iyw

where ¢, is the background dielectric constant, wy, is called the plasma frequency (eqn.40), wy is the
frequency of the transition, -y is the broadening of the transition and f is the oscillator strength (eqn.39).
In the classical model f = 1 but quantum mechanics yields values both more and less than unity.

In the above model, we see a simple linear dependence upon the density of the oscillators (via the
plasma frequency) but for a dense medium of oscillators, we need to adjust the model to account for
their mutual interactions via the electric fields that the oscillators produce. The effect of these local field
correction leads to the Clausius-Mossotti relation (also known as the Lorentz-Lorenz relation).

e —1

Nxo=3
X0 e 12

(51)
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Figure 5: Shows the effect of an electric field applied acrossed a thin dielectric layer. The layer is polarised
(P) and this creates a depolarisation field E;, due to the layer’s surface charges.

where N is the density of oscillators and ) is the susceptibility of a single oscillator®. Our quantum
well transitions don’t use the above relation but there is a Coulomb interaction between the free charges
present in the levels. We can see this in two different approaches.

Qualitative Approach In the first approach, we consider the effect of an applied electric field across
a thin layer of dielectric; we can take this static approach because the layer is much thinner than the
wavelength of the light. The applied field polarizes the layer leading to surfaces charge densities which
creates an extra opposing electric field within the layer. We have that the polarisation of the layer is given

by

P=¢g (elayer - 1)Elocal (52)
and the induced electric field inside the layer (E;) is given by
P
Ejy = ——
P e (53)

So the electric field inside the layer is given by

Ejpcal = Eupplied + Edp (54)
leading to
Eapplied
Ejocal = MR (55)
Elayer

Now if we define our dielectric constant wrt the applied electric field, we have that

D= soerEapplied = 80Eapplied +P (56)
and can find that
Elayer — 1 1
S Y (57)
Elayer Elayer

The absorption coefficient of a medium can be calculated from

(58)

where J[] means take the imaginary component and 1 is the background refractive index. Although
note that this approximation breaks down in the case of strong absorption. In this case, the dielectric
component becomes

S ©9)

2
e~ .09 A
m=eq w(z]—wz—ZI"yw

3x0 =

12



For absorption of a plane wave incident at an angle to the plane, the total absorption of the layer becomes

— in2
a'zw%[ ! ] S0, (60)

cny Elayer | COSO

where sin?  accounts for the anisotropic absorption and L/ cos 8 is the effective thickness of the layer.
This approach offers some insight but I find that it becomes very confusing when trying to consider
the details of the derivation. Also, it does not account for a background dielectric constant and the
anisotropic properties of the transition are largely added by hand.

Analytical Approach Instead, in the second approach, we can reach the above equation by starting
with the equation for an etalon adjusted for an anisotropic absorbing material (which interacts only with
electric field perpendicular to the plane of the film just like the ISBT) and then making assumptions about
the layer’s thickness and simplifying to

v=-ofe] e sin” 6 1)

€| ¢ cosf

The derivation is given in appendix A. Interestingly, the absorption is proportional to the inverse of the
dielectric constant. For a Lorentz oscillator, this leads to

2
%[ﬂ - %ll— . z”f2 : ] (62)
€22 wpf + wh — w* = 2iyw
w3 f
P Y
2w / 24,2 63)
0 \ (wh—w) +7

where wf = w;z, f + w3 — 7% We see that our absorption peak has been shifted to a higher frequency

(assuming that <y is quite small). This is known as the 'depolarisation shift” due to its origins in the
depolarisation field of the layer and such an effect is observed in measurements.

So we have found that consideration of the optics of the thin film geometry has led to a shift in the
absorption peak. This was not predicted by the initial derivation of the optical absorption shown in
sec.7.2. However, there is a remaining problem since we are not sure what thickness to apply to the
intersubband transition (eqn.41). This thickness affects the plasma frequency of the transition and hence
the size of the depolarisation shift. Although, we might initially guess that the thickness is the same as
the quantum well layer Ly, this is not really the case. In fact, we need to perform a quantum mechanical
derivation in order to find this thickness and the most accurate form of the dielectric constant.

7.5 Collective Effects - Quantum

The concept in the following derivation[11, 3] is that we calculate the effect that an optical interaction
has on the quantum well charge distribution in the QW. Consider that if a static electric field is applied
to the QW system, this will change the envelope wavefunctions and the energies of the allowed states;
the dynamic electric field of a light wave will have a corresponding dynamical effect on the QW states.
We also saw in sec.6.1 that similarly the charges inside a QW affect the states that they occupy through
their electric fields, in a self-interaction of the charges on their own states. In the static case, we usually
solve the problem self-consistantly to get the final energies and wavefunctions whereas in the dynamic
situation (well, in this derivation), we are going to use time-dependent perturbation theory. We will call
this the dynamic Hartree effect.
The matrix element for the optical interaction becomes

(ileDz —e A ®(2)|]) (64)

13



where A®(z) is the effective (oscillating) change to the QW potential due to the presence of the light
wave. We will label this matrix element as M;;. We can calculate the change in potential using

= e/ / An(Z")dz" dZ’ (65)
0

where An(z") is the (oscillating) change in the charge distribution. Starting from the equation for the
charge density

=Y mi|&)) (66)

where &; is the wavefunction and 7; is the population density of the i level. We can use time perturba-
tion theory (see Appendix D) to get

n(z,t) =n(z) + An(z) coswt + . .. (67)

(w2
W, —w

anz 61 ém mz <2wmz> (68)

where wj; is the frequency between the levels i and j. We can now write that

hw
Ml] = eDZl] Znn 2 { ljmann ( 5 mn(hw)z } (69)

wmn) -

where z;; = (i |z| j) and

11 n dg;i dgi\ (dgm gy
Sjimn - hwl] hwmn <_ 2m* ) / ( é él ) (dZ n gm ) (70)
0

See Appendix E and Appendix F to see the derivation of S, In order to calculate the effective prop-
erties of the QW intersubband transitions, we calculate the conductivity of the transitions (which can
easily be related to the equivalent dielectric constant), defined as

1 [,
Oz = 5/0 j(z)dz (71)

we use the continuity equation
9jz +
0z at
where i is the charge density (while  is the carrier density). This leads to

hWmn
n M - | z 73
n;{ mn (hZWZmn_hzaﬂ) mn}] ( )

see Appendix G for the details. Let’s assume now that there are only 2 levels in our summantions, our
matrix element becomes

=0 (72)

02z (W) = (—iw)% Y

n

M=+ (~2)A S5iiMi; L B (74)
. 1;:Sii
if £0e ijij (hwij)z ~ (hw)?
where An;; is the difference in population density between the two levels. So the conductivity becomes
.\ 2e hwij
hwi‘
= (—iw)2¢*An;iz / (76)
( ) 7% (hz 2 + ZATI"Siﬁjth] FlZ(/JZ)
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It is usual now to use our definitions for the oscillator strength and plasma frequency

fij = zm*:ijzgj (77)
.2
W2, = mir;;eL]ff 78)
4= s ™
so we have
0z (W) = (—iw)e,eoLf]ff (%) (80)
ij i

We finally calculate the effective dielectric constant for the quantum structure using an effective medium
(appendix B)
(2D

1_a-n, f 0w &)

€7z Ep Ew EosgqusQw
where ¢ is the dielectric constant for the well layers, ¢,is the dielectric constant for the barrier layers,
f is the fraction of the whole structure which is the well layers and Lsqyy is the thickness of one period
of the structure (note that a normal quantum well sample typically has many repeats of the quantum
well in order to increase absorption/emission etc). So, if we assume that the dielectric constants of the
different layers are about the same, we finally have

eff 2
R Y O (82)
€22 Ew Lsow 601-2]- + wl%ij — w?

to which we would add a broadening term 1;; by hand.

o1 Lffff fiy@p, (83)
€2z Ew LSQW (Ulzj + wIZJij —w? — 2i'yi]-w
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A Transmission through a slab of a particular case of unixial material

For studying intersubband absorption in quantum wells, we have a lossy uniaxial material with optical
axis along the growth direction. Therefore we are interested in studying (and calculating) the transmis-
sion of an extra-ordinary wave through a uniaxial layer.

Surprisingly, the standard equation for an etalon can be used for this type of anisotropic layer al-
though the definitions of its components are adjusted. This can be derived from the transfer matrix
formulism given in [13].

i51
1+ 1’011’1262151
where we use for a TM (p) polarised wave:
0)
- 2sxxk£ no
o = ek + e kY ny 5
xxhz 0%z
(0) (1)
ro1 = xkz — ek (86)

Exxkg()) + Sbkgl)

_ 252k§1) n
tlz - (1) (2) 7172 (87)
exky " 4 exxks
(1) (2)
- exky " — exxk;
= D (5
exky + exxk;

6 = kK (89)
where d; is the thickness of the layer and ey is the dielectric constant of the layer for electric fields
parralel to the interface. ¢, is the dielectric constant of the second layer and ¢, is the dielectric constant
of the zeroth layer (not the vacuum constant - sorry about the bad notation). n, is the refractive index of

the xth layer.
The k-vector components are calculated using

K2 = e K2 — g2 (90)

€2z
where K = ¢ and k, is constant across the layers.
ky = kosinfy = @ sin 6 91)
k:(z()) _ now

= — 2
- cos 6 (92)

where 0 is the angle of incidence. Finally, in this case, we have

k,(zf) 2
T— (k(0)> 1 (93)

zZ

If ) = e» = ¢}, this can be simplified down to

2 k(O)Z Zk(l)z
tp = | cosdy —isind Eaxlz t‘;b (i)
2exxepk; ks

-1
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Consider

kgl) 2 . gxsz - %ki
o Ssz — k%

Exx — %sb sin? 6

Sb—EbSin‘ze
_ & gin2
B Exx 1 €ZZsmG

& cos2 6

Also

2 (1) (0)

e it S <gxxk§°> ekt )
,(ZO)k,(zl) 2 epkz €xxkz

zsxxebk
For now put ey, = ¢
1— 2sin?0 + cos? 6
ZZ

\J1— f—bsinzecosﬂ
ZzZ

Now, we can often assume that §; < 1, we can also write

NI~

e 1/2
51 = /eK (1 — b 5in? 9> d

€2z

t Lk 1— £ sin”0 + cos? 6 -
p= |1 TRy cos 6

(where we have continued to assume that /ey = 19). In this equation ¢, is imaginary, so that

L Kd (1—:[’sin26+c0526>‘2
— ingK= 22

so that

Ty = 2 cos@

In this equation ¢, is imaginary, so that complicates things slightly. Put

€p

2 =z+i7
€2z
to get
2
d (7 sin?6 d[1—2zsin?6 + cos?0
T,=||1—-ngK= —ingK=
P "o 2( cos 6 ) o 2( cos

-1

d (7 sin?6 2 d(1—2zsin%6 + cos?0 2
T, = 1—nogK= K=
b o 2 cosf 4o 2 cos

If we assume that z = 1, the second term becomes {17Kd cos 9}2 and as before, we can assume that this

is small. So that now we have )
d[7sin20\)
Ty = <1—n0K2< cos 6 >>

1
ﬁa&1—2x+3x2—4x3...
+x

expand this using
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d (2 sin?6
T, =1+ 2n9K=
b + 21 2< cos )

I assume that z’ will turn out to be negative. So finally, we have

sinZ 6

d
cos

Tp:1+%{£b} oK

€2z

B Effective Medium Theory for a Thin Films

When we have a body that is a composite of materials, as long as the sizes of the particles/structures
are smaller than the wavelength of the light then we can use an effective dielectric to describe the bodies
properties. For more information see the Maxwell-Garnett and Bruggeman theories.

It can be useful to replace a stack of dielectric layers with an effective dielectric constant. This is a
kind of effective medium [14, 13]; Born and Wolf call this form birefringence as the resulting effective
medium will be uniaxial even when all of the layers are dielectric.

For the electric field parallel to the interfaces, we get

Exx = Z fiei
i

where f; is the fractional volume/width of each layer and ¢; is its dielectric constant.
Whereas for electric field perpendicular to the interfaces (along the growth direction), the dielectric
constant is given by
L_y /i

€

€2z 7

C Time-Dependent Perturbation Theory

A quick revision of time dependent quantum mechanics follows. First we have Schrodinger’s equation

¥ = 1h§ (94)

If Flp has no time dependence then we can separate the variables to get

Hy® = E® (95)
and
Y = Dexp (—il;;t) (96)
If we now include a time dependent term to the Hamiltonian, we get
(o + F) ¥ = in % ©7)
We can posit that the solution is described by
Z cn (t) ©nexp (—iwpyt) (98)

where n numerates the possible solutions to the Hamilitonian. This leads to

ZH’ (cn (t) Prexp (—iwyt)) =ih)_ acgt( )% exp (—iwyt) (99)

n
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If we assume that F’ includes no time derivatives then we get

ch exp (—iwyt) A'®, = hzacn()

D, exp (—iwyt) (100)

Multiplying the equations by ®;,, and integrating over space gives us

acm ch ) (P |H | @) exp (iwmnt) (101)

where Wy, = Wy — Wy
Now, let us assume that the time dependent term is a perturbation to the system and that we really
want to obtain an approximate solution to the problem, so we expand ¢, with respect to the size of the
perturbation i.e.
H — pH (102)

en (8) = (1) + BV (1) + B2 (1) + ... (103)
(i)

where each ¢;,’ is a different function and not ¢, raised to a power. This leads to

ack) (1) ack) (1), A (t ) g2

2 A .
L S gt lhz( t) + Bl ()+f52c,2)(t)+...)/3<q>m|H'|q>n>exp(zwmnt)
(104)
and matching up orders of § gives
c,(,?) (t) = constant = c,(fl)) (105)
aci tH 1 (0) ~ .
"gt = ;cn (P [H'| @) exp (iwmnt) (106)

This looks like Fermi’s Golden rule but in fact our matrix term is still time dependent so we’re not
quite there. We haven’t made too many assumptions about the form of the time dependent term in the
Hamiltonian. Let’s take the obvious case of a periodic interaction

H' = Hj cos wt (107)

We can also briefly go back to the non-perturbative equations, so that we get

ch ch ) (@ |Hy| 1) cos (wt) exp (iwmnt) (108)

or

ac"gt hch ) (@ [Fp| @) 5 L (exp (i (wnm + @) £) + exp (i (wnm — @) 1)) (109)

For the perturbative case, we get

(1)
O 0 T (@ 1] @) 3 (exp (i + @) )+ exp i wm =) ) (110

which we can solve to give

My = Ly 0 o 1 (exp(i(Wmt+w)t) =1  exp(i(wm—w)t) =1
Cm (t> - %;CW <CDm ’HO‘ CDTI> 2 ( 1((Umn +w) + l(wmn _w) ) (111)
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Normally, the first term is disregarded because it is small close to w = wu,. This is known as the ‘rotating
wave approximation’. This leads to

):ilhgcglo cID’”|Ho|q’n>1e"1?’<‘(wmn—(u)o (exp(l(“’m—w)t)_exp( l<w’"”_‘”)t)

i (Wmn )
112)
1 i sin (1 (wmn —w) t
Cgr}) (t) = in ; ( <q)m |H0| D) exp < (Wmn — w) t> ((Zwmn ~ ) (113)
So that we get
(1) 2 1 ) . sin (% (Wmn — w) t) 2
i O] = | 5 Ze” (@[] @) — (114)

In the usual case, the wavefunction is initially only in one state. Also as t increases, the last part of the
formula tends towards a delta function

2 1 . 1
o = 2 (@ 73] @) * 6 (@ — ) 4 (115)

However, this isn’t the form normally given. Typically, the linewidth of the transition or perturbation is
introduced and the formula is integrated over frequency; this changes the final form to

21 A 1
e’ (0] = ?|<CI>m‘H6]CI>n>|2(5(wmn—w)§7rt (116)

so that finally we get Fermi’s Golden Rule

‘ ‘ \<<1>m E| @) |2 6 (W — @) (117)

or
ol
t 2h2

where ¢ (w) and ¢’ (wmn) are the density of states of the interaction and the interacting levels.

(Do || @1)|* 6 (wn — @) g (@) &' () (118)

D Charge Perturbation

We start from

2
z) =) ni|Gi(Z)] (119)
i
The interaction changes our states to
2

=L

Z Cim (¢ ") exp (—iwmt) (120)

Taking a perturbative approach and assuming that we are dealing with a harmonic perturbation, we can
expand cjy, (t)

2

z,t) =Y n

i

Z{ e, () exp (—iwmt) + ¢V (B)Em(2) exp (—iwmt)} 121)

21



(0)

but we require that ¢;;* = 1 (and all others equal 0) since that is where we started from.

2
an &i(Z) exp (—iw;t) —|—Z{ exp(—zwmt)} (122)
Expanding this gives
z,t) =) n;|&i(Z ‘ —l—ZnZZZER {CZ ) exp (iw; t) ( Ve (z )exp(—iwmt)} +... (123)
i
We also have a formula for cfnlj (1)
(1) 1 o (P (Wni+w)t) =1 | exp (i (wpi —w)t) =1
oD (1) = — o (@ [ @) ( o) =2 2Pl (124)
putting M,,,; = <<I>m ‘I:I6| <I>l-> and combining the two terms in the bracket, gives
Ciii) () = _lei Wi €Xp (iwpit) cos(wt) — wiexp (iwy,;t) sin(wt) — Wy (125)
h Wl — w?

So we can write

2 2 " Wi cos(wt) — wisin(wt) — wy,; exp (—iwy,;t
t):Zni|§i(Zl)‘ _Znizﬁ% éi (Zl)gm(zl)Mmi mi ( ) 2(}_) 5 mi P( mi )
1 1 m w?‘ﬂl w
(126)
assuming that ¢; and M,,; are both real quantities, we get
Wi COS(wt) — Wy €O (wyyit)
t) = Zni }gl | anz gz ‘:m Myi > > + ... (127)
i W, —w
The cos (wpyt) is puzzling, it is present because we integrated over t = 0 — t. Perhaps we can simply
neglect this term? Something to do with steady state solutions? or integrating over linewidth of perturb-
ation?
Now we can separate the terms into
n(z,t) = n(z) + An(z) coswt + . .. (128)
where
Y Y 2 () My | (129)
1 1 m mi
T Wy — w?
E Collective Effect Matrix Element
M;j = (i|eDz — e A ®(z)] f) (130)
e? Wi "ot
= M;; = eDz;j + — cot / Znn / / (z") My o2 dz" dz' ¢ §i(z)G(z) dz
mi
(131)
M;; = eD M Pl 132
= M;; = eDz;; + - Znn Z ijnmMmn (heom)? — (hco)? (132)
where
) z -4
Sijnm = / ¢i(2)gj(2) { / / En(2)Cm(2') dz" dZ'} dz (133)
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F Simplifying S,

By substituting the Heaviside step function for the limit of the middle integral ie.

o
/H z—z
0

4

S = / BEu(2)0(2) [ a7 / 42" & (") E0(2")

z
[ @
0

0

we can swap the order of the integrals and rewrite the equation as

Consider

Snm=]od2’ /oodZCn(Z)é‘o(Z)/Z/dZ”é‘m(Z")C (z"
0 z! 0

Z/

[ @z (")

0

We also know from Schrodinger’s equation that

Cm(z) = ﬁ [_

therefore we can integrate by parts, giving

dg Am
)] g/

where g 1

So(z")

n* d?
2my dz2

hz
T hown (_m> :

And then we do it again

[gdé';j i)

dzll

o]~ [semte B

0

1 hz i 1 "
Tion, <—2ml>/d2 Em(z")

0

which simplifies to

and therefore

—Cm (ZN)

d m " "
o[

-32) f s

d*&o(z")

dz'"2

Z/

)

+ Veff(z)] Em(z)

1 z
+ hiw, / dz" Vers (2")&m(2")G0 (")
0

(134)

(135)

(136)

(137)

(138)

(139)

+ﬁ / dz" Vopr(2")Em(2")20(2")  (140)

0

/ z/
ac(z")1*  hw
BE0) e [ ettt
0

)g{
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d¢m
dzll

Z//)

é() (Z//

)_

Em(2")

ng (Z//

dzll

) zZ

/

(141)

(142)



and since we are considering confined wavefunctions then we can define z = 0 to be a position where

¢m(0) = &x(0) =0.

z

I " " d‘:m(zl) / / dCO(ZI)

Az & -8 — 143
O/z«:(z Jaol=") (1_;2)( s ) - () ) (143)
z 2 / /

[ et = (—fml> (%) - i) ) (144)
0

We can do the same for the integral

/ 4z & (2)80 (2)

This gives us

" dgn(z') / 1 AdGo(Z') *
/dzé‘n z)Go(z hwnO <2m1>{ T Go(z') —¢n(2") 1o L

Here we can use Cm (oo) = Cn (oo) = 0and g/ = fr (7 %) . We can now rewrite the total integral as

T (dEm dEo()\ [ dEa (2 déo (2
Sum = % / i (B8 - gulx) B0 ) (e - () B2 )

(1 B wm B wn 0
(145)
or more simply
2
_ 11 n dm dgo\ [ dgn dgo
S o g <_2ml> /( -ty (Ha-oiy) o -
0

Note that Ando defines hiw,, = E;;, — Ey whereas I use w;,y and hiw,, = E,.
If the effective mass is z dependent then, we have to keep it inside of the integral giving

s (5] [ () (o) (o) e 0w

This can be proved using the correct form of Schrodinger’s equation

2my dz

2
cm(z>zll s (e ) + VG )]Mz) (149

Note that if the effective masses are different for each level then I do not think that this proof can work.

G Derivation of the Conductivity Tensor

Ando defines the conductivity perpendicular to the 2D plane as

1 [,
Ozz = 5/0 ](Z) dz (149)
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then the equation of continuity is used to derive j

o
v]+ 5= 0 (150)
o ey Oy O 01D _ (151)

dx dy oz ot

as given the long-wavelength limit that we are always assuming, 7i (the charge density) is a function only
of z.

so the equations becomes
dj; | ofL _
e + i 0 (152)

where we have already found
i(z,t) = —e (n(z) + An(z) coswt +...) (153)

where 7i is the charge density and # is the carrier density. So

j.=e /Z An(z)dz (—w) sin wt (154)
0
Using
_ N 2 N (VM [ Y 155
_;nl;ﬁgl(z )om(2") My W (155)
we have
. . hewyi : ! N 3.7
Jz = —e(—w)smthlZ l”i; {Mmi (W) 0 Gi(z')om(2") dz }] (156)
and so
1 . hew i = [* (] A
Uz =5 e(—w) smthZi; [nl ; {Mmi (W) /0 ; Ei(2")em(2') dz dz}] (157)
Now

/0c> /Z &i(ZNem(Z)dZdz = / / (z—2") gi(2)Cm(2') d2'dz
= / / (z—2)&i(Z)em()dZdz = Z_m/O (z—2ZVH (z—2') &i(Z)&m(2') dZ
=7 /O (z—2)¢&i(2)Em(z)dZ = oo /OZ (z—2') &i(2)Em(2) dZ’
o |2 [ 6@ - [Fa@e | = - [T i
. (158)

and if we switch to complex notation then 0, — 03, (w), sinwt — i, giving

hw,,;
n; M| —2—1d,,; 159
z{ ’ (hzwii_hzwz) }] 159

02z (W) = (—iw)ﬁ 2

i
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